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I. INTRODUCTION

A fundamental problem in signal processing is the estimation of unknown parameters or func-
tions from noisy observations. Important examples include localization of objects in wireless
sensor networks [1] and the Internet of Things [2]; multiple source reconstruction from elec-
troencephalograms [3]; estimation of power spectral density for speech enhancement [4]; or
estimation in genomic signal processing [5]. Within the Bayesian signal processing framework,
these problems are addressed by constructing posterior probability distributions of the unknowns.
The posteriors combine optimally all the information about the unknowns in the observations with
the information that is present in their prior probability distributions. Given the posterior, one
often wants to make inference about the unknowns, e.g., if we are estimating parameters, finding
the values that maximize their posterior, or the values that minimize some cost function given

the uncertainty of the parameters. Unfortunately, obtaining closed-form solutions to these types
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of problems is infeasible in most practical applications, and therefore, developing approximate
inference techniques is of utmost interest.

A methodology that comes to the rescue for solving most difficult problems of inference is
based on random drawing of samples. It was first applied systematically by the Italian physicist
Enrico Fermi when he studied neutron diffusion [6]. However, no publication is available from
him on this topic. Later the methodology came to be known as Monte Carlo (MC) sampling.

The MC methods we know today were created by Stanislaw Ulam, John von Neumann and
others [7]. Their efforts coincided with the development of the first general computer and resulted
in the Metropolis algorithm [8]. The next major advancement of MC methods came with a
generalization of the Metropolis algorithm proposed by Hastings in 1970 [9]. All these methods
represent a family of simulation-based algorithms that aim at generating samples from a target
probability distribution (often a posterior distribution in a Bayesian setting). The algorithms
are based on constructing a Markov chain that has the desired distribution as its equilibrium
distribution, which is why they are referred to as Markov chain Monte Carlo (MCMC) algorithms
[10] (a review of the history of MCMC sampling can be found in [7]). The most prominent MCMC
algorithms remain the Metropolis-Hastings and Gibbs sampling algorithms [10]. Since the 1990s,
MCMC-based methods have seen tremendous growth and success.

An important alternative to MCMC sampling is the class of Importance Sampling (IS) methods.
The IS methods are elegant, theoretically sound, simple-to-understand, and widely applicable
[7]. Assume that the aim is to approximate a given target probability distribution. The basic IS
mechanism consists of (a) drawing samples from simple proposal densities, (b) weighting the
samples by accounting for the mismatch between the target and the proposal densities, and (c)
performing the desired inference using the weighted samples. IS was first used in statistical physics
for inference of rare events, and in particular for estimating the probability of nuclear particles

that penetrate shields [11]. Later, IS was also used as a variance reduction technique based on



simulating from a proposal density instead of the target density [12]. The interest in IS techniques
was running in parallel to the emergence of Bayesian computational methods. The interest was not
only driven by their simplicity, but also by their ability to estimate normalizing constants of the
target distribution, a feature not shared by MCMC methods that turns out useful in many practical
problems (e.g., model selection).

It is well known that the performance of IS methods directly depends on the choice of the
proposal densities [7]. When the method is applied naively, only few of the IS weights take relevant
values, while the rest are negligible. This phenomenon is widely known in the IS literature as
weight degeneracy [7]. If the goal is to estimate the mean of the samples of a target distribution,
then the proposals must be adapted to parts of the space where the posterior probability is large,
while if the focus is on a problem related to system reliability, then the probability of rare events
is better approximated by placing the proposals in the tails of the posterior. Locating the regions
from which samples should be drawn may not be easy, which suggests that the main challenge
in implementing IS methods lies in finding good proposal densities. However, designing these
proposals usually cannot be done a priori, and thus, adaptive procedures must be constructed and
applied iteratively. The objective is that with passing iterations the quality of the samples improves
and the inference from them becomes more accurate. This leads us to the concept of adaptive
importance sampling (AIS). AIS methods are endowed with the nice feature of being able to learn
from previously sampled values of the unknowns and consequently, to become more accurate. It
is important to note that the AIS algorithms must remain simple, i.e., both the drawing of samples
and the computation of their weights should be easily managed.

In this feature article, we first go over the basics of IS and then proceed with explaining the
learning process that takes place in AIS and with presenting several state-of-the-art methods. We
discuss AIS estimators and their convergence properties, and then show numerical results on signal

processing examples. The article also provides an outlook of the research in AIS. For a clearer



presentation, in Table I we display the notation used throughout the paper.

TABLE I: Summary of notation.

Notation | Description

dy dimension of the unknown parameter vector

x € R% | unknown realization of a parameter vector

dy dimension of the observed data vector

y € R% | observed data vector

J iteration variable

J total number of iterations

N number of proposal distributions in an iteration

K number of generated samples per proposal in an iteration
T target pdf

7K approximated target pdf with K samples and weights

14 likelihood function

Do prior distribution

A normalizing constant

Ix natural estimator computed from K samples generated from the target
1K non-normalized estimator computed from K samples

IX self-normalized estimator computed from K samples
xflkg k-th sample of the nth proposal at iteration j

wflk]) IS weight associated with xflkg

‘ff]) normalized IS weight associated with xq(f;

f test function/moment of the target

dn,j nth proposal function in the jth iteration

0, parameters defining the proposal ¢, ;; e.g., 6, ; = [,unJ Cw-] for a Gaussian
Hnj location parameter (usually mean) of the proposal g, ;
Cn; scale parameter (usually covariance) of the proposal g, ;
Pn,j weight in the mixture of the nth proposal at iteration j.
\Y% gradient

H, Hessian evaluated at x

Aj gradient step at iteration j

Ex[] expected value with respect to the pdf 7




II. BACKGROUND (WITH EXAMPLES)
A. Problem statement

Let us consider a generic inference problem where a d,-dimensional vector of unknown static

real parameters, x € X C R%, has a probability density function (pdf) given by

F(x) = I (1

where 7(x) is a non-normalized non-negative target function, and Z = [, m(x)dx is a finite
normalizing constant that may be unknown. The goal is to compute some particular moment of

x, which can be defined as

1= /X F(x)F(x)dx, @)

where f(-) can be any function of x which is integrable with respect to (w.r.t.) 7(x).

The previous mathematical formulation can be used to represent different problems, including
the estimation of rare events [12] or Bayesian inference [7]. For instance, when estimating rare
events, Z is perfectly known and the moment of interest can be f(x) = I ()0, Where g(x) is a
given function and I is the indicator function that takes the value 1 if g(x) > 0, and O otherwise.
In this case, 77(x) is completely characterized, and the challenge is in computing the integral given
by Eq. (2). In Bayesian inference, 7(x) often represents the posterior distribution that is linked

to some observed data, y € R%, and is expressed as

) = plxly) = ") o (o), ®

where p(x|y) is the posterior pdf, /(y|x) is the likelihood function, py(x) is the prior pdf, and
Z(y) is the model evidence or partition function. For some specific statistical models, e.g., when
po(x) is a conjugate prior of (y|x) [13], Z(y) = [, £(y[x)po(x)dx can readily be obtained. In

general, however, computing Z can be a very difficult problem. For this reason, we define the



non-normalized target function

m(x) = £(y[x)po(x)- ©)

From here on and without loss of generality, we focus on the generic case where Z(y) is
unknown. To simplify the notation, we drop the dependence of Z on y and write Z = Z(y). In
the rest of the paper, we refer to Z as a normalizing constant. This term is more general than
“model evidence” or “marginal likelihood,” which are often used in Bayesian theory. Finally, note
that we concentrate on real parameters and observations for the sake of clarity in the exposition.
However, all of the AIS methods presented and the considerations performed throughout the paper

are directly applicable to multidimensional-complex target densities.

B. Monte Carlo methods: motivation and basics

Obtaining closed-form solutions of the described problem is infeasible in most practical ap-
plications, and therefore the next best thing is to develop approximate inference techniques with
good accuracy. Let us assume that it is possible to draw K independent samples, {X(k)}szl, from

the target distribution 7(x). The integral I can then be approximated by
- 1
I = e > fxW), where x®) ~ #(x). (5)

With the drawn samples, we can approximate the target probability distribution corresponding to

the density 7(x) as

K
K (x) = % 36— x(M), ©)
k=1



where d(x — x(*)) is the Dirac delta function centered at x(*). With this approximation, we can

estimate / in Eq. (5) by

= [ reomox

R x)7 5 (x)dx L x)8(x — x*))ax
~ [ 1R ax = 230 [ s - x)ix, ™)

which yields Eq. (5).
The estimator IX is consistent with K, since it converges almost surely to I by the strong
law of large numbers [7]. Moreover, it can be easily shown that the estimator is unbiased, i.e.,

E:[IX] = I and, assuming that f(x) is real and square-integrable, its variance is given by [7]

Vars (£(X)

A7) =
Varz(I™) e

®)

This methodology is known as the Monte Carlo method [7], and it was first described in [14].
As already pointed out, very often 7(x) does not have a known closed form and it is not possible
to draw samples from it. Moreover, in some other settings, it might not be convenient to generate
samples from the target distribution even if it is possible. This is the case of rare event estimation,
where it is not efficient to simulate samples from 7(x) since the estimation of I would depend

on a very low number of effective samples [15].

C. Importance sampling: motivation and basics

The IS methodology was first used in statistical physics for rare event inference. More specif-
ically, it was applied to estimate the probability of nuclear particles that penetrate shields [11].
Later, IS was also used as a variance reduction technique based on simulating from a proposal
density instead of the target one, reducing the computational effort to compute rare events from
the target distribution [12]. The interest in IS techniques has run in parallel to the growth of the

theory of Bayesian inference. The reason for this is that often it is not possible to generate samples



from the posterior distribution because it can only be evaluated up to a normalizing constant.
Let us consider K independent samples, {x(k)}szl, drawn from a single proposal pdf, ¢(x),
with heavier tails than the target, m(x). Each sample has an associated importance weight given

by

k)
o = T) k=1,.... K, 9)

where the weights represent the significance of the samples in the approximation of the target by
the considered proposal. Using the samples and weights, the integral in Eq. (2) can be approximated

by a self-normalized estimator as

K
— > vt (10)
k=1

NJ“

where Z = * Zle w®) is an unbiased estimator of Z = [ ¢ ™(x)dx [7]. It is not difficult to see
that now we approximate the target distribution by
K
= > oW —x"), (11)
k=1

where the @(®)s are normalized weights of the samples obtained by

(k)
o®) = wi (12)
Zfilw(l)

If the normalizing constant is known, then it is possible to use the non-normalized estimator
-~ 1
= — % " w® p(xk), (13)

Note that IX is only asymptotically unbiased, whereas IX is unbiased. Both IX and I¥
are consistent estimators of / and their variance is directly related to the discrepancy between
7(x)|f(x)| and ¢(x) [7]. However, when several different moments of the target must be estimated

or the function f is unknown a priori, a common strategy in IS is to decrease the mismatch between



the proposal ¢(x) and the target 77(x) [16]. This is equivalent to minimizing the variance of the

weights and consequently the variance of the estimator Z.

D. Multiple importance sampling: motivation and basics

The target density can only be evaluated point-wise, and therefore it cannot be easily charac-
terized in many cases. This entails that finding a single good proposal pdf, ¢(x), is not always
possible. A robust alternative consists of using a set of proposal pdfs, {g,(x) 7]:[:1. The resulting
method is referred to as multiple importance sampling (MIS) and it was greatly advanced during
the 90s in statistics and computer graphics simulation [12], [17], [18]. MIS constitutes the basis
of most of the state-of-the-art AIS algorithms [19], [20], [21], [22], [23], [24].

A general MIS framework has recently been proposed in which different sampling and weighting
schemes can be combined [25]. Here, we briefly review the most common sampling and two

common weighting schemes. Suppose that we draw one sample from each proposal pdf, i.e.,

Xp ~ qn(X), n=1,..,N, (14)

where, since K = 1, we drop the superscript *). The most common weighting strategies in the

literature are:

1) Standard MIS (s-MIS) [19]:

wn:”(X”), n=1,...,N. (15)
Qn(xn)
2) Deterministic mixture MIS (DM-MIS) [18]:
7(Xp) N 7(Xn)

, n=1,...,N, (16)

Wy, =

Oxn) 3L i)
where 1) (x) represents the mixture pdf composed of all the proposal pdfs evaluated at x.

From the weighted set {x,,w,})\_,, generated by either the s-MIS or the DM-MIS methods

n=1>
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described above, we can compute a self-normalized estimator IV and a non-normalized estimator
IV in the same way as in Egs. (10) and (13), respectively. The self-normalized IV is consistent
and asymptotically unbiased, whereas the non-normalized IV is both consistent and unbiased. The
DM approach is superior w.r.t. that of s-MIS in terms of variance of the estimator IV, as proved in
[25]. Although both alternatives perform the same number of target evaluations, the DM estimator
is computationally more expensive w.r.t. the number of proposal evaluations. In particular, s-MIS
and DM require N and N? evaluations, respectively. Therefore, in scenarios where the number
of proposals N is large, the O(N?) in the number of proposal evaluations can be prohibitive.
Alternative efficient solutions have recently been devised to mitigate this excess of computational
load [26], [27].

Figure 1 illustrates the processes of sampling and weighting based on the different methods
explained in this section. More specifically, Fig. 1(a) displays the generated samples and associated
weights when sampling from the target distribution is possible. We observe that all the weights
are equal in this case. For both Figs. 1(b) and 1(c), the generation of samples is performed using a
single proposal pdf. However, the proposal pdfs, plotted with dashed lines, are differently located,
and therefore one can appreciate how the second choice is more appropriate by observing the
variability of the weight values. Note that the scale of the vertical axes is different in order to
show the large weights in Fig. 1(b). Figures 1(d) and 1(e) use the concept of MIS, i.e., there we
use two proposal pdfs. The weights in Fig. 1(d) are calculated using the standard formulation of
weight update from Eq. (15), while in Fig. 1(e), they are computed according to Eq. (16). It is
clear that a smaller variance of the weights is achieved with the DM approach.

Finally, the validity of the possible different weighting schemes for MIS is justified in [25]
by using the concept of a proper set of weighted samples. More precisely, the suitability of a
particular MIS scheme is guaranteed if the non-normalized estimator IV and the normalizing

constant estimator Z are unbiased and consistent, which also implies that the self-normalized
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(a) MC sampling directly from the (b) IS, single proposal pdf. (c) IS, single proposal pdf (with a
target. better location than that in (b)).

05
N = l$ J—-
5 10 5 0 5

2 0 15 20

(d) MIS with standard weights. (e) MIS with DM weights.

Fig. 1: Approximations of the target pdf, m(x), by different discrete probability distributions
(displayed by thin bars with weights corresponding to heights of the bars). The target pdfs are
shown by solid lines, while the proposal pdfs are plotted with dashed lines. (a) Ideal situation: an
approximation with equally weighted samples, as they are drawn directly from the target. (b)—(c)
Approximations with IS and a single proposal to show the effect of the location: a better proposal
placement leads to more uniform weights. (d)—(e) Approximations with MIS and two proposals to
show the effect of the choice of the weighting scheme: the deterministic mixture (DM) approach
leads to more uniform weights than the standard approach.

estimator IV is consistent.

III. ADAPTIVE IMPORTANCE SAMPLING
A. The basics of AIS

The AIS methodology is based on an iterative process for gradual evolution of the single or
multiple proposal densities to accurately approximate the target pdf. The procedure consists of
three basic steps: generation of samples from a proposal or set of proposals (sampling), calculation
of the importance of each of the samples (weighting), and updating (adapting) the parameters that

define the proposal(s) to obtain the new proposal(s) for the next iteration. Figure 2 shows a simple
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flow diagram of the steps of AIS with only one proposal pdf. The diagram also shows the possible

data dependencies among the basic steps.

Step 1: SAMPLING
N
Y

Step 2: WEIGHTING

J—=g+1

iteration flow
—————— possible data dependency

Step 3: ADAPTATION

Fig. 2: A generic flow diagram of the AIS methodology, showing the three steps that must be
performed iteratively by any AIS algorithm (sampling, weighting and adaptation), and the data
flow among these steps.

In the general case, the algorithm is initialized with a set of N proposals {q,(x|60n.1)}_1,
each one parametrized by a vector 6,, 1. After drawing a set of samples, xgﬁ, n=1,...,N, k=
1,..., K (recall that K is the number of samples generated by a proposal), and weighting
them, one obtains a discrete probability distribution that approximates the target distribution,
{acfﬂ, wffi}, n=1,...,N,k=1,..., K. Then, the parameters of the n-th proposal are updated
from 6,1 to 6, 2. This process is repeated, i.e., sampling, weighting and moving from 6, ; to
0, j+1, until an iteration stoppage criterion is met (e.g., a maximum number of iterations, J, is
reached). Table II outlines the main steps of the general algorithm.

Figure 3 shows the evolution in the approximation of a target pdf, 7(x), which in this case is a
mixture of two Gaussian pdfs. In this example just one Gaussian proposal (N = 1) is used, ¢ (x),
with initial vector parameter 61 1 = [u1 03] = [—4 3], where ; and o7 denote the mean and the
variance, respectively. Figure 3 displays three iterations of the AIS algorithm, where the initial

parameter vector 61 1 is updated in the next proposal so that it can produce samples and weights

that yield a better approximation of the target distribution. Note that the final scale and location
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TABLE II: Generic AIS algorithm

Initialization

Choose K, N, J, {0,1}Y_,

For j=1,...,J:
1. Sampling
Draw K samples from each of the N proposal pdfs, {g, ;(0,.;)}2_1,
x® g =1,... K,n=1,....N

n,J)’

2. Weighting
for each of the generated KN samples.

3. Adaptation
Update the proposal parameters {0,, ;1Y | — {0, j11}0 ;.

(%)

Calculate the weights, w,,,

Outputs
Return the K NJ pairs {x(k) wffj)} foralk=1,....K,n=1,...,N,j=1,...,J.

n,j’

of the proposal is much more adequate than the starting proposal in that it effectively covers both

modes of the target.

0.4 -

ARy : .
DN —n(x)
SN --9,(x)
0.2 i \ 1
‘ \
/\_\_—_\
0 = I A Il -l
-10 -5 0 5 10
X
t=2
0.2 T
PERN —7(x)

0.15

R T —(X)
0.1 X N - - a,()|

0.05r

Fig. 3: Proposal adaptation through AIS. The initial proposal ¢; (x) (too narrow and poorly placed)
is iteratively moved towards a better location at some intermediate location between the two modes
of the target pdf and widened in order to properly cover the effective support of the target.

In order to approximate the integral I in Eq. (2), there exist different possibilities for combining

all the K NJ weighted samples, {x(k) wgcj)}, generated by the AIS method [28]. A common (and

n?]’

(k)

M which considers all

straightforward) choice is to assign to each sample a normalized weight w
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the weights, i.e.,
wl®
(k) _ n,J

W)= . (17)
! 221:1 Zz]\il 27{(:1 wz(,l)

w

Hence, the self-normalized AIS estimator is XN/ = Z}']:1 SN OSE u‘)g? f (xilkj))

B. Modern AIS methods

AIS methods got their turn in the spotlight of MC computations after the publication of the
population Monte Carlo (PMC) sampling method by Cappé et al. in 2004 [19], notwithstanding
the existence of several AIS schemes at that time (see [28] for a review). The PMC methodology
offered a framework to adapt a population of proposals which was simple, flexible and free from
the convergence and ergodicity issues of adaptive MCMC techniques. The original PMC algorithm
used a multinomial resampling stage (note that any of the better alternative resampling strategies
developed for particle filters can also be used [29]) and was unstable due to the use of the s-MIS
weighting strategy of Eq. (15). However, the proposed approach raised a considerable interest
within the computational statistics community, and improved PMC algorithms shortly followed,
like the D-kernel PMC [30], [31] or the mixture PMC (M-PMC) [20]. Furthermore, several authors
have recently shown that the performance of PMC can be improved even more through the use of
a nonlinear transformation of the weights [32] or the combination of the DM weighting scheme
of Eq. (16) and sophisticated resampling schemes [24].

On the other hand, encouraged by the renewed interest in AIS methods spurred by the PMC
approach, several authors have proposed AIS algorithms that do not fall within the PMC frame-
work. For instance, the idea of incremental IS mixtures (originally proposed in [33]) was taken
up again by Cornuet et al. in the adaptive multiple importance sampling (AMIS) method [21].
AMIS uses a single proposal per iteration, but applies the DM weighting scheme of Eq. (16)
using a mixture composed of the present and all past proposal pdfs. Much more robust and stable

estimators are thus obtained, but at the expense of a substantial increase in the computational
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cost. An alternative to AMIS is the recently proposed adaptive population importance sampling
(APIS) algorithm [22]. APIS is also based on the DM weighting scheme of Eq. (16), but it uses a
mixture with a fixed number of proposals per iteration. In this way, APIS inherits the robustness
and stability of AMIS, but with the benefit of allowing a user controllable computational cost that
does not increase as the algorithm is iterated. Moreover, gradient information can be incorporated
to the APIS algorithm in order to improve the performance in high-dimensional state spaces [34].

Finally, note that the combination of MCMC and AIS techniques has also been considered
in several works. For instance, MCMC steps can be used to accelerate the adaptation of the
AIS technique [22], or the MCMC outputs can be used to build a proposal distribution for AIS
estimation [35]. Sequential MC samplers have also been suggested as AIS schemes in static

scenarios [36].

IV. IMPLEMENTATION AND CLASSIFICATION OF AIS ALGORITHMS
A. Implementation of AIS algorithms

Many important AIS algorithms have been proposed in the literature in the last two decades.

In this section we describe in detail some of the most popular AIS algorithms:

o Standard population Monte Carlo (PMC) [19]: In this algorithm, N proposals are adapted
via resampling, which is a well-known mechanism in MC methodologies that allows us to
select the most promising samples and to eliminate those with low weights in order to avoid
particle degeneracy [29]. At each iteration, exactly one sample is drawn from each proposal
and weighted with the standard IS weights calculated by Eq. (15). Then, N multinomial
resampling steps (with replacement) are performed within the population of the N drawn
samples (one sample is generated per proposal, i.e., K = 1). The surviving set of particles

constitutes the set of location parameters for the next population of proposals.
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o Mixture population Monte Carlo (M-PMC) [20]: For this method, the proposal used to
generate K samples at each iteration is a mixture of /V kernels, where the mixture is adapted
to decrease the Kullback-Leibler divergence between the mixture and the target. In its simplest
version, the algorithm adapts the location, scale and weight of each kernel in the mixture.

« Nonlinear population Monte Carlo (N-PMC) [32]: In this algorithm, the weights are computed

(k)

in two steps. First, standard importance weights w;"" are obtained. Then, a nonlinear function

(

is applied to calculate a set of transformed weights w jk). The goal of this transformation is to
reduce the variance of the weights and hence avoid, or at least mitigate, the weight degeneracy
problem. While the standard weights can be used for estimation, the nonlinearly-transformed
weights are crucially used for the adaptation step. The latter can be carried out in different
ways, with [32] advocating for a simple Gaussian proposal where both the mean vector and
the covariance matrix are adapted through the iterations.

o Layered adaptive importance sampling (LAIS) [23]: The adaptive process of the LAIS algo-
rithm is independent of the samples drawn at each iteration. In particular, the algorithm can
be seen as a two-layer procedure where the location parameters of the proposals are adapted
through one or several MCMC steps with the target as the stationary distribution. In its basic
version, a single MCMC step is independently performed at each location parameter.

¢ Deterministic mixture population Monte Carlo (DM-PMC) [24]: This algorithm meets the
simplicity of the standard PMC of [19] with a very high performance. DM-PMC calculates
the weights using Eq. (16) instead of Eq. (15), which provides two important advantages,
namely the variance of the estimators is decreased (see [25]) and the resampling step with
the DM weights promotes the replication of proposals in relevant parts of the target that
are underrepresented by the set of proposals (i.e., the exploration is coordinated). DM-PMC

generates K samples per each of the N proposals (instead of one, as in [19]). At each

iteration, the population of KN samples must be reduced to N via either global or local
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resampling.

o Adaptive multiple importance sampling (AMIS) [21]: In this algorithm, just one proposal
is used and adapted over the iterations. The adaptive procedure consists of estimating the
moments of the target with the available set of K weighted samples, and fitting the moments
of the proposal. Its key feature is the re-weighting of all the past samples with a temporal
mixture weight where the whole sequence of proposals is used in the denominator.

o Gradient adaptive population importance sampling (GAPIS) [34]: Similarly to the LAIS
algorithm, GAPIS adapts N proposals by a process that is independent of the samples.
In its basic version, the location parameters of the proposals are adapted via a gradient
ascent of the target, and the scale parameter by using the Hessian of the target. An advanced
implementation is proposed which adds a repulsive interaction among proposals to promote

a cooperative exploration of the target.

In Tables III and IV, six out of the seven previous algorithms are outlined by means of
pseudocodes. Note that we follow the structure sampling-weighting-adaptation described in Fig. 2

and Table II. We have skipped the N-PMC scheme in these tables for the sake of clarity. We simply
(k)

point out that, in this algorithm, the standard weights w,, ;

are transformed using a nonlinearity
®, namely wfl’“]) = (k:, {wg)]}{i 1). These transformed weights are then fed to the adaptation

stage. In [32], the nonlinearity ®(-,-) is either a tempering or a simple truncation of the largest

weights, while the adaptation is carried out as in the AMIS method of Table IV.

B. Classification of relevant AIS algorithms

Table V serves as a summary and compares the main features of different AIS implementations.
The features include the number of proposals, the weighting procedure, the updating strategy of
the parameters, and the updated parameters. Note that most of the algorithms use more than one

proposal. However, due to the adaptive procedure, even with N = 1, more than one proposal
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TABLE III: Pseudocodes of PMC, DM-PMC, and LAIS.

PMC | DM-PMC | LAIS

Initialization

J, N, K=1 J, N, K, J, N, K,
{On,l}rjyzl = {ﬂn,la Cn}rjyzl {eml}g:l = {Nn,l’ Cn}nNzl {on,l}nNzl = {l‘fn,b Cn}nNzl

For j=1,...,J:

1. Sampling
| | ® |
Xn.j ~ Gnj (Xt j, Cn) Xpg ™ dng (x[ptn,5, Cn) Xp,g ™ dn.j (x[ptn 5, Cn)
n=1...,N n=1,...,N
n=L....N k=1,... K k=1,....K
2. Weighting
(k) (k)
y 7(Xn,j) w® — (% 5) w® = m(%n,5)
,' = 7 n,J N k’ n,J N k‘
" g (eng) & D405 (x,)) & 4 (x,)
n217"'7N nzl,...,N n:l,...,N
k=1,....K k=1,....K
3. Adaptation
. . . ' Multinomial resampling with
Multinomial resampling with replacement over One (or more) MCMC steps
replacement over { (k) (k) _ from g, j o i, j 11, with 7
— Wn, N n,7’ 7,7 K % . .
{Xn,j7 Wnj = Zf\ilﬁwﬂ‘ n=1 w'l) ) NK . as a stationary distribution,
to update {ftn,j+1}n"y B ST forn=1,...N
update {ftnj+1}p
Outputs
&) (k) &) (k)
{XTL,ja wnJ} {Xﬁvj’ wn»J} {Xﬁvj’ wn:]}
n=1,...,N Z:i”K Z:i”K
i=1,....J =1, e=1...,
j=1...,J j=1...,J

is used. This is exploited in AMIS and in some implementations of LAIS, where the temporal
mixture of proposals is used to re-weight the samples via deterministic mixture IS weights. Note
that the different adaptive mechanisms can be classified into mechanism based on (a) resampling,
(b) moment matching, and (c) independent adaptive processes. Moreover, the moment matching
can include all the past weighted samples (AMIS) or just those of the current iteration (APIS).
Figure 4 shows three possible dependence charts related to generated samples and the adaptation

of the proposal parameters. Note also that, although all the proposal parameters can be adapted,
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TABLE 1V: Pseudocodes of AMIS, GAPIS, and M-PMC.

AMIS

GAPIS

M-PMC

Initialization

J, K, N = 1, 01 = {[,Ll,cl}

J, N, K,
{an,l}gzl = {pn1, Cn}nNzl

J’ N, K’ {07171}7127:1 =
{pn1. in1, CLa}ll,

For j=1,...,J:

1. Sampling
(k) X(k). ~ q (X|u, - C ) N
x; "~ qj(x|pj, Gj) g A x ~ D7 pigai(xlpig, Ciyg)
k=1,...,K n=1,...,N J iZIqum Hig T
k=1,...,K. b—1 K
2. Weighting
(k) (k) (k)
ORI ) ) _  T(ny) o - )
Jj o i k nj N k J k
% =1 q@’(X§' )) %Zi:l qz}j(xég‘) >im1 Pi,jq@j(xg' )
k=1,...,K n=1,...,N k=1,...K
k=1,...,K

3. Adaptation

Update g1 and Cj1 with
the empirical mean and
covariance using all the

Use a suitable \; to update

Hnj+1 =
Hn,j + A;V1og (m(pn,;)) and
the Hessian matrix of

Update

{Pnj+1, g1, Crjri 1l
by minimizing the KL

—log(7(x)) to update distance between the proposal
1

weighted samples and the target approximation
Cn,j—‘rl = (H/J'mj)

Outputs
k k k k k k
{7, w7y X0 ) 7wy
k=1,... K n=1,..., k=1,...,K
j=1,...,J k=1,...,K j=1,...,J
j=1,...,J

in the basic implementation of most algorithms, just the location parameters are adapted.

TABLE V: Comparison of various AIS algorithms according to different features.

| Algorithm | # proposals |  Weighting | Adaptation strategy | Parameters adapted |

Standard PMC N>1 standard resampling location
M-PMC N>1 spatial mixture resampling location

N-PMC either nonlinear moment estimation location/scale
LAIS N>1 generic mixture MCMC location
DM-PMC N>1 spatial mixture resampling location

AMIS N=1 temporal mixture | moment estimation location/scale

GAPIS N>1 spatial mixture gradient process location/scale
APIS N>1 spatial mixture moment estimation location
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(a) The proposal parameters are (b) The proposal parameters are  (c) The proposal parameters are
adapted using the last set of drawn  adapted using all drawn samples up  adapted using an independent
samples (Standard PMC, DM-PMC, to the latest iteration (AMIS). process from the samples (LAIS,
N-PMC, M-PMC, APIS). GAPIS).

Fig. 4: Graphical description of three possible dependencies between the adaptation of the proposal
parameters 6,,; and the samples. Note that g, ; = gp +(X|05 ).

Table VI provides a comparison of the computational complexity of the different algorithms.
We display the number of target and proposal evaluations, and also the same quantities per drawn
sample. We observe that in AMIS the number of proposal evaluations is increased with the number
of iterations, while in the algorithms with deterministic mixture weights this problem appears when
we increase the number of proposals. In the latter case, the strategies proposed in [26], [27] can
be employed to reduce the number of proposal evaluations. Although this is not displayed in Table
VI, the GAPIS algorithm also requires /NJ gradient and Hessian evaluations in total, i.e., one per

proposal at each iteration.

TABLE VI: Comparison of various AIS algorithms according to the computational complexity.

| Algorithm [ # target eval | # proposal eval | # target eval/sample | # proposal eval/sample |

Standard PMC NJ NJ 1 1
N-PMC NJ NJ 1 1
M-PMC KJ KNJ 1 N

LAIS K(N+1)J KN?%J 1+1/N N
DM-PMC KNJ KN?J 1 N
AMIS KJ K.J? 1 J
GAPIS KNJ KN?J 1 N
APIS KNJ KN?J 1 N

C. A brief summary and comparison of AIS algorithms

In this section, we provide intuition behind the relevant AIS algorithms presented above. The

standard PMC [19] opened the door for the fast growth of the AIS methodology. While the
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simplicity is its main advantage, the use of the standard IS weights of Eq. (15) has two adverse
effects: (a) the variance of the estimators is increased, and (b) each importance weight measures
the difference between the target and a specific proposal (regardless of where the other N — 1
proposals are placed). The latter effect precludes a stable and coordinated adaptation of the whole
mixture of proposals, and provokes a path degeneracy due to the resampling step.

The M-PMC [20] addresses the weak points of the standard PMC by applying a robust Rao-
Blackwellization step in the adaptation of the proposals. The goal in M-PMC is to iteratively
decrease the KL divergence between the target and the mixture of proposals (for the first time,
they are seen as a mixture instead of a collection of proposals). M-PMC is more robust and
allows for the adaptation of the covariance of each proposal and its weight in the mixture. The
disadvantage is the extra computational cost and the potential instability in the adaptation of the
covariance (it can tend to a delta) and in the mixture weights (the mixture can end up being
formed by just one proposal).

The DM-PMC addresses the open challenges of the standard PMC in a different way. The use
of deterministic mixture IS weights, followed by the resampling step, implicitly aims at iteratively
reducing the mismatch between the target and the mixture of proposals (see Eq. (16)). In addition,
DM-PMC allows to draw K > 1 samples per proposal per iteration, which improves the local
exploration in the region of each proposal and then increases the stability of the algorithm. Two
variants of the algorithm, GR-PMC and LR-PMC, allow for different resampling steps to transition
from N K samples in iteration j to N proposals in iteration j+ 1. The advantage of DM-PMC and
its variants is the simplicity in the implementation and the high performance. The disadvantage is
that only the location parameter of the proposals is adapted.

In general, all the PMC-based algorithms use the set of weighted samples to adapt the proposals.
While this recycling is efficient, the dependence between the samples and the next generation of

proposals hinders the theoretical analysis of the algorithms.
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The LAIS algorithm disconnects the sampling and the adaptive procedures by establishing a
two-layer scheme (see Fig. 4(c) ). In its simplest version, the adaptive layer of LAIS is driven by
Metropolis-Hastings chains, enjoying some of the advantages of the MCMC methods, e.g., their
good behavior in high dimension. The LAIS scheme is simple and shows good performance, but
again it does not adapt the covariance of the proposals.

The GAPIS algorithm also decouples the adaptation and sampling procedures, adding the
information of the gradient and Hessian of the target in the adaptation of the proposals. This
scheme performs well in challenging problems, even in high dimensions, and is able to adapt the
location and scale parameters of the proposals. Its main disadvantage is the complexity associated
to the computation of the gradient and the Hessian.

The AMIS algorithm is also simple because the proposal adaptation is carried out via moment
matching. The algorithm has shown good performance in a variety of problems. Furthermore, it
is robust because the IS weights are permanently recomputed via Rao-Blackwellization by using
the deterministic mixture idea with the mixture of temporal proposals. The main disadvantage is
precisely this recomputation of all the weights at every iteration, which precludes its use when the
needed number of iterations J is high. The DM-PMC, LAIS and GAPIS methods are particularly
well-suited to multimodal target distributions, which are often hard for conventional algorithms
(e.g., non-adaptive importance samplers or classical MCMC schemes).

Finally, note that the nonlinear transformation of the importance weights featured by the NPMC
method (in order to reduce the weight variance) can readily be applied to other schemes (DM-PMC,
AMIS, etc.). This is especially useful at the first stages of the adaptation, when the proposal(s)
can still be poorly aligned with the target density and the use of transformed weights can often
prevent severe sample impoverishment. Once the the proposal is roughly adapted, the nonlinear
transformation can be dropped and conventional weights can be used to reduce the computational

cost.
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V. DISCUSSION OF AIS METHODS
A. Convergence of IS estimators

The convergence of IS schemes is often assessed in terms of the approximation of integrals of
test functions. Specifically, if X is a random vector of interest, taking values on R% and with pdf

7(x), then we study the approximation of the integral

() = /X FOF(x)dx, (8)

where f : R% — R is a real test function, assumed integrable w.r.t. the density 7(x) (now we
make the test function f explicit in the notation). Note that I(f) is the expected value of the
real random variable f(X), which can be alternatively denoted by Ex[f(X)], and the integrability
assumption simply states that this expectation exists, i.e., Ex[f(X)] < oc.

We recall that a standard IS scheme with a proposal function g(x) produces a set of random

weighted samples {x*) w®) NV where x¥) ~ ¢(x) and w® = Z((:if’]:;))’ that we use to
approximate the integral I(f) as
() = 1§w<’“>f(x<’“>)- (19)
Zfil w(®) k=1

Note that I%(f) is a random variable itself. Intuitively, we expect that the error I(f) — I(f)
should vanish, in some proper probabilistic sense, when K — oo. This is, indeed, a consequence
of the strong law of large numbers [7]. Assuming that ¢(x) > 0 whenever 7(x) > 0, it can be
proved that [37]

lim I%(f)=1(f) almost surely (a.s.), (20)

K—oo

and it is said that I (f) is a consistent estimator of (). Under additional, yet mild, assumptions
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on the weight and test functions, namely,
Exlw(X)] < oo and Ex[f*(X)w(X)] < oc, 1)

a central limit theorem (CLT) also holds for the IS estimator [37]. (Note that here we use the
notation w(X) to remind the reader that the weights are functions of the random vector X and

therefore are random variables themselves.) In particular,
= d
VE (T5(5) = 1() £ N (0, 6*(f), (22)

where < denotes convergence of the limit in distribution and the limit variance depends on the
test function, namely o2(f) < Ex [(f(X) — Ex[f(X)])? w(X)}.

Equation (22) is one of various results that show how IS estimators converge with the optimal
Monte Carlo rate O (\/—%), i.e., the errors are asymptotically of the same order as with the
standard Monte Carlo estimator constructed with K i.i.d. samples from the target pdf 7(x). The

same optimal rate is obtained for the convergence of the L, norms of the errors IK(f) = I(f) if

we assume that both the test function f and the weight function w are bounded, namely

(%)

(
o) < 00, (23)

[flloc = sup [f(x)| <oo and [wle = sup |w(x)|= sup
xERe xER%z xERz

where ||Z]|, indicates the L, norm of the random variable Z with a pdf g(z), ie., ||Z], =

1

([ ZPg(z)dz)». Whenever Eq. (23) holds, it can be proved that [38]

el floo

() =15y < il

(24)

for any p > 1 and some constant ¢ < oo independent of K. The inequality in Eq. (24) is easily
extended, using a standard argument based on the Markov inequality and the Borel-Cantelli lemma

[39], to yield limg o0 I%(f) = I(f) as.

A more sophisticated analysis allows us to obtain an upper bound for the random error (not
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just for its L, norm) of the form [38]

where € € (0, %) is an arbitrarily small constant and Uk is an a.s. finite random variable independent

of K. The inequality (25) holds for every value of K, hence it is stronger than the classical CLT
1

of Eq. (22). As Eq. (22), it displays the optimal Monte Carlo error rate O (W) since € > 0 can

be chosen as close to zero as desired.

B. Convergence of AIS estimators

The results summarized above hold for general importance samplers. In an AIS framework,
however, it is of specific interest to study the convergence of the estimators as the proposals
are adapted. This issue is tackled in the classical paper [40], where the estimators that result
from aggregating weighted samples produced through several consecutive iterations are analyzed.
Assuming that an AIS algorithm is run through J iterations, producing K samples per iteration
for a total of JK samples overall (here we work with one proposal function per iteration), we
construct the aggregated estimator of I(f) as

Z}]:1 ZkK:1 f(X§k))w§-k)

I7E(f) =
k
Z}']=1 Zszl wj(' :

(26)

In the setup of [40], the proposal functions g;(x) are selected from a parametric family ¢(x; @),

where @ = [0,...,0,,]7 € R™. The conditions to be satisfied by q(x;8) are fairly general:

q(x; 0) is a continuous function of 6, the weight function w = ?)EXG)) is uniformly bounded (over
the space of x and ), and ¢(x; @) > 0 whenever m(x) > 0. In addition, it is assumed that there
exists an “optimal choice” of the proposal function, of the form ¢(x; 8,) where 8, = Ex[{(x)] for
some (possibly unknown) integrable function ¢ : R% — R™. The latter is a regularity assumption:

it implies that, if the weights are proper and K — oo, it is possible to approximate the target
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proposal ¢(x;6,) as tightly as we wish. Under these assumptions, in [40] it is proved that

lim I7K(f)=I(f) as,and  lim VIKITEK(f) = I(f) £ N(0,62(f)), 27)

JXK—o0 JXK—o00

where the limit variance o(f) is finite, and it depends on the test function and the normalization
constant of 7. Convergence of the first limit in Eq. (27) guarantees consistency, while the second
expression is a CLT that shows that the asymptotic optimal error rate O (JLK) can be achieved
without discarding any samples. Consistency of the aggregate estimator /<K (f) can be proved
in a rather straightforward manner for most AIS schemes as long as the importance weights are
proper at each iteration and the weight function remains bounded, even if an “optimal” or “desired”

proposal ¢(x;60,) does not exist (or simply changes from one iteration to the next).

C. AIS and high-dimensional target pdfs

The error bounds of (24) and (25) or the variances in the CLT’s (22) and (27) depend on the
dimension d, of the target random vector X, often in an intricate manner. Few analytical results
on the effect of the dimension are available in the literature. In simplified scenarios, and through
numerical studies, it has been shown that often the number of samples K has to be increased
exponentially with d, in order to attain a prescribed performance [41]. However, it has not been
proved that this is necessarily the case and some recent theoretical results actually suggest other-
wise. In [42], the stability of the effective sample size (ESS), constructed as ESSJK = m,
of a sequential MC sampler as the dimension increases, d, — 0o, is analyzed. The ESS, related
to the variance of the weights, is commonly used to assess the numerical stability of the adaptive
algorithms and detect the degeneracy phenomenon. In this AIS scheme, the target pdf 7(x) is
approximated through a sequence of “bridge” densities my(x), 71 (%), ..., 7;(x),...,7s(x), Where
mo(x) is “sufficiently easy” to approximate via IS and 7;(x) = 7(x). The intuition is that we

can start approximating mo and, assuming 7;_1(x) and 7;(x) are similar enough, we can then
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move parsimoniously through the sequence of bridge pdf’s until we obtain an approximation of
7(x) = m7(x). In this setup, the proposal functions ¢;(x) are devised as Markov kernels that jump
from 7;_1(x) to m;(x). In the specific scheme analyzed in [42], the bridge pdfs are constructed
by tempering, i.e., selecting a sequence of positive real numbers 0 < eg < €; < --- < ey =1 and
then setting 7;(x) = 7% (x).

Under the strongly simplifying assumption of X being a vector of independent variables, i.e.,
T(x) = Hf‘;l 7i(x;), but still assuming that the sample vector xgk) is drawn jointly (and not
independently, entry-wise) from the proposal g;(x), it is proved in [42] that limg, o ESSJK =C
a.s., where C' is a positive constant, even if the number of samples K is held constant. Moreover,
this can be achieved when the number of bridge pdf’s is J = O(d,). These results indicate that
this particular AIS method remains numerically stable (i.e., the weights do not degenerate) as
the dimension d, becomes arbitrarily large; however, they are mainly of theoretical (rather than

practical) interest because of the strong assumptions involved. Nevertheless, they suggest that AIS

schemes may beat the curse-of-dimensionality in some scenarios if properly designed.

D. A comparison of the convergence properties of IS and MCMC methods

MCMC [43] and AIS methods are often competing techniques to tackle the same class of
inference problems, hence a brief comparison of their theoretical properties is relevant. MCMC
schemes generate a chain of correlated samples x(l),x(Q), .. ,x(k)7 ... using a suitable Markov
kernel KC(x*~1 x(*)) to draw x(¥) conditional on x(*~1), Different algorithms, e.g., the Gibbs
sampler or the Metropolis-Hastings (MH) method [43], yield different kernels. In any case, K(-, -)
is designed so as to guarantee, under mild assumptions, that limy_, ., pr = 7 a.s., where p; denotes
the pdf of the kth element of the chain, which generates x(¥), i.e., the generated sequence &),
k =1,2,..., has 7 as a stationary pdf [7], [43], [44]. There are no known rates for the convergence

of pr towards 7. However, it has been found that this rate can be very low in some scenarios.
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Moreover, it has to be taken into account that estimators constructed from an MCMC run of length

K have the form

K
~ 1
K _ k
Inewe = 5= " kEk . F(x®), (28)

where the first ko samples are discarded to allow for the convergence of py. While E[TX 1, (f)] =~
I(f), assuming pj, ~ 7, the random variates f(x(¥)) are correlated and, therefore, the analysis of
Var(T¥ o1,0) is difficult. Again, it can be shown that I% ., (f) — I(f) a.s. but no error rates
are available.

This double asymptotics inherent to MCMC (we need the chain to burn-in so that p;, — 7, then
we need K — oo for I B omre(f) = I(f)) often make these algorithms slower and computationally
less efficient than AILS schemes [32], [38]. Moreover, in problems where the normalizing constant
Z = ( S 7r(x)dx)_1 is of interest (e.g., for model validation or model selection) AIS is a natural
solution, as it readily yields unbiased estimates Z JK = % Zszl w®), j=1,...,J, while MCMC is
often harder to apply [45]. There have been many recent attempts to devise algorithms that combine
MCMC and AIS principles in order to take advantage of the strengths of both approaches [35],
[46].

A pictorial comparison between IS and MCMC approaches is provided in Figure 5. In an MH-
type sampler, a new state in the chain is proposed, and it is accepted or rejected with a suitable

probability «. The number of repetitions of the same current state x (k)

plays the role of a weight
in the estimator I ]\Iflc v (f). However, unlike in IS, given a sample x(F) the weighting procedure

is not provided by a deterministic function (e.g., by %), but instead is a result of a stochastic

process defined by the acceptance MCMC tests performed at each iteration.
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(a) Importance Sampler (b) MH-type Sampler

Fig. 5: Graphical representation of importance sampling and MCMC procedures in order to provide
an estimator I (f) of I(f). More specifically, we have considered Metropolis-Hastings (MH) type
of MCMC algorithms, where a novel possible state x’ is drawn from ¢(z), and it is accepted, thus
setting x(¥) = x’ with a suitable probability a. Otherwise, the next state of the chain is set equal
to the previous one, i.e., x(*) = x(*=1 with probability 1 — cv.

E. Parallelization

IS methods are easily parallelizable as the samples x() are independent and, therefore, can be
generated concurrently. In comparison, competing MCMC methods are much harder to parallelize,
because the samples in a Markov chain are inherently sequential. With the availability of state-
of-the-art multi-core computers and GPUs, this may be a key factor in favor of IS schemes. See
[47] for a comparison of various MC schemes running on GPU systems.

In the specific case of AIS schemes, it is relatively straightforward to identify two stages
in all of the presented algorithms. The first stage, that includes sampling and weighting, is a
readily parallelizable task. This is the same as in standard IS, where each sample can (ideally) be
generated and processed independently. The second stage, however, involves adaptation and, for
some schemes, resampling. In this stage, it is necessary to process together all the samples and

weights, e.g., to calculate the parameters of the new proposals in schemes like AMIS or N-PMC,
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or even to run MCMC steps in the LAIS method. The adaptation step can be expected to be

non-parallelizable, or parallelizable to a lesser extent, on standard computing devices.

E. Applications and challenges

While the range of applications of AIS algorithms is broad, it is worth discussing some particular
fields where this methodology has either been applied with special success (compared to state-of-
the-art techniques) or appears as a promising tool to tackle hard and long-standing problems.

The problems of detection and estimation in wireless sensor networks have been of great interest
to the signal processing community for more than a decade. They involve scenarios where data
related to a particular signal of interest are collected at various different sites of a network.
Often, these observations can only be shared under tight constraints (due to scarce communication
bandwidth, limited power, etc.) and estimation has to be performed with partial data or in a
distributed fashion. One example of this class of problems, the localization of an object using
signal-strength measurements, is presented in Section VI-A. A general challenge in this field
is the design of schemes for the distributed implementation of AIS schemes with a minimal
communication among the nodes of the network. Ideas based on the exchange of summary statistics
have been explored, especially in the context of sequential importance sampling (see, e.g., [48]),
but efficient schemes (accurate yet affordable in terms of both communication and computation)
are still needed.

Another example explored in Section VI-B is the fitting of Gaussian processes (GPs) for
nonlinear regression problems. GPs have found a plethora of applications in problems where
one needs to approximate smooth functions for which a parametric model is not available at all,
and the complete function has to be learned from a discrete collection of data-points [49]. While
GPs are powerful models, their performance can be very sensitive to the fitting of a number of

hyperparameters. The example in Section VI-B shows that AIS can efficiently tackle this problem.
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AIS has also shown advantage compared to state-of-the-art methods in performing inference
for stochastic kinetic models (SKMs) [32]. SKMs are used in biochemistry or ecology to model
complex interactions among populations of different species [50]. In ecology, SKMs yield a
generalization of classical predator-prey models. In biochemistry, an SKM represents a system
with n types of molecules (species) and k types of reactions. In both cases, it is of interest to
track and predict the species populations, which evolve as a multidimensional continuous-time
jump process, and estimate the rates that govern the dynamics. It has been shown [32] that AIS
schemes (in this case, the NPMC algorithm) can attain the same performance as state-of-the-
art particle MCMC methods [51] with a fraction of the computational cost for modest SKMs.
The accurate fitting of complex, high-dimensional SKMs is an open problem with outstanding
real-world applications.

AIS techniques also enable consistent parameter estimation in «-stable distributions with very
heavy tails [38]. « stable distributions are often denoted as S(«,[3,7,d), where 0 < a < 2
determines the weight of the tails (the smaller the value of «, the heavier the tails), 8 is a
skewness parameter, and v > 0 and & determine the scale and location. Except for particular
cases, the associated pdf’s can only be approximated numerically. Fast, classical methods for
parameter estimation are known to work only for o > 0.5 (i.e., with moderate tails). The results
in [38], including an example with real data, show that AIS methods can overcome this limitation
and open the door to address problems formerly intractable.

Finally, a challenging arena for the application of AIS methods includes a number of problems
where very large scale models are used and need to be fitted from (often scarce) data. This
includes many large-scale systems used in geophysics, for example in oceanography [52], climate
modeling [53] or cosmology [54]. In all these cases, algorithms that attain a good trade-off between
computational complexity and accuracy of the resulting estimators are very much needed and

advanced AIS holds potential to be successfully applied.
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VI. NUMERICAL EXAMPLES
A. Localization problem in a wireless sensor network

We consider the problem of positioning a target in a wireless sensor network using range
measurements [55]. We assume that the measurements of the sensors are contaminated by additive
white Gaussian noise (AWGN) with different unknown powers. This situation is common in many
practical scenarios where, even if the sensors are of the same manufacturer and model, the noise
level can be different due to various factors. They include signal propagation conditions, manu-
facturing imperfections, and environmental conditions (e.g., humidity or temperature). Moreover,
these conditions can change over time. Hence, in practice the central node of the network has to
re-estimate the noise powers (in addition to the target’s position and possibly other parameters of
the model) whenever a new block of observations is acquired.

More specifically, we denote the unknown target’s position with the random vector A =

[Al,Ag]T, and a specific realization of it as . Let there be M sensors at locations h,,, m =

1,2,---, M. The model for the observations is
yl,m:2010g(H>‘_hmH)+vz,m; m:177M7 Z:1')277]\70 (29)
where || - | denotes the Lo norm, y; ,, is the ith observation of the Mth sensor, N, is the number

of observations of each of the sensors, and the v; ,,’s are independent Gaussian random variables
with pdfs N (v; m; 0,72), m = 1,..., M. We denote the vector of standard deviations as v =
[V1,...,vm]. We adopt a uniform prior U(Ry) for the position [A1,As]", over a predefined
support, and a uniform prior for 7;, also over a preset range, K. Thus, the posterior pdf is
2 M
YY) o Uy Az, [T o0 TT plm),
i=1 m=1

i=1m=1

[HHW ( o (i~ 2010g<||x—hm||>2)]nmﬂ(m),

(30)
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where NN, is the number of observations, y; ,,, is the ith observation of the mth sensor, and I.(S)
is an indicator function that takes a value equal to one if ¢ € S, and is equal to zero otherwise.
Thus, in this problem x = [AT,~"]", and d, = M + 2.

Our goal is to compute the Minimum Mean Squared Error (MMSE) estimate, which corresponds
to the expected value of the posterior 7(\,~y|y1,¥2,-..,yar), where the y,,s are vectors whose
elements are the measurements of the mth sensor. Since the MMSE estimate cannot be computed
analytically, we applied several AIS methods to approximate it via MC quadrature. In particular,
we worked with the standard PMC method [19], two different DM-PMC techniques [24], AMIS
[21] and LAIS [23].

In our experiment, we had M = 6 sensors, and the locations of the sensors were at h; =
[3,—8]T, hy = [8,10]", hy = [-4,—6]", hy = [-8,1]", h5 = [10,0]" and hg = [0,10]". In all
the cases, we employed Gaussian proposal densities, gy ;(x|tn j, Cpn ;) = N(x|tn j, Cpn ;) with
M1 ~ U([1,4]%) for n = 1,..., N. The target was located at A = [A\; = 2.5, \ = 2.5]T, and
the vector of standard deviations was v = [y1 = 1,72 = 2,73 = 1,74 = 0.5,v5 = 3,76 = 0.2].
We generated N, = 20 observations for each sensor according to the model given by Eq. (29). The
uniform prior U(R) over the position [A1, Ao] " had a support R = [—30 x 30]2, and the uniform
prior of the ;s was U([0.01, 20]). Thus, the overall prior of vy was U (R~) with R~ = [0.01, 20].
Then, we obtained the measurement vectors yi,...,yas, where y; € RNe. Note that, regarding
the dimension of the observations, we have d, = N,M = 120.

For the PMC, the DM-PMCs and LAIS we set C,; = C,, = C = 021 with 0 = 1. In

AMIS, we have N =1and C,, ; = C; = O'JZI, and we set 01 € {1,2}. In the adaptation layer of

N

LAIS, in order to obtain {1, ;}2_; from the previous population {s, j—1})_;,

we employ parallel
Metropolis-Hastings chains with a Gaussian random-walk proposal pdf, ¢y, (ten j|pn j—1,0%I) =

N (pen il pon,j—1, o21) with o = 1. Moreover, we also test the application of N independent parallel

Metropolis-Hastings algorithms with the same Gaussian random-walk proposal pdf, ¢, (fn ¢|fen,j—1, o?T),
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employed in the adaptation of LAIS.

We fix the total number of evaluations of the posterior density to ' = 104, since this is usually
the most costly step in MC algorithms. Let us recall that J denotes the total number of iterations
and K the number of samples drawn from each proposal at each iteration. Moreover, we denote
as S the total number of samples employed in the final IS estimator. In LAIS, the total number
of evaluations of the target pdf is £ = NJ(K + 1), whereas S = NJK (i.e., E > S due to the
use of the Markov adaptation process). For the rest of the methods, we have £ = S = NKJ
(note that N = 1 in AMIS, while K = 1 in standard PMC and Metropolis-Hastings). Several
combinations of N, J and K are tested for the fixed £ = 10* evaluations.

We computed the Mean Squared Error (MSE) of the different estimators obtained w.r.t. the
ground-truth, x = [AT,~ "] 7. The results, averaged over 500 independent runs, are provided in
Tables VII-XII (one table per technique) with the best and worst MSE values highlighted in
boldface. In this particular experiment, with a unimodal posterior pdf and a good initialization
tn1 ~ U([1,5]%), the PMC techniques and the AMIS method provide the smallest MSE values.
The standard PMC method seems to perform better if one uses a larger value of N and a smaller
number of iterations J. In fact, the use of a small number of proposal pdfs can lead to catastrophic
results in this case. The DM-PMC techniques substantially mitigate this problem, with GR-DM-
PMC showing a more robust behavior w.r.t. the parameter choice than LR-DM-PMC (note that
GR stands for global resampling and LR for local resampling). AMIS provides very good results,
although it shows some sensitivity w.r.t. the choice of the initial scale parameter, o;. Note that
LAIS provides slightly worse results than AMIS, but also shows less sensitivity w.r.t. the parameter
choice and outperforms the performance of N independent parallel MH chains. Finally, Fig. 6
shows the evolution of the estimators of AMIS (J = 300, K = 200) and standard PMC (N = 1000,

J =100) as functions of the number of iterations, j, in one specific run.
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TABLE VII: Results standard PMC [19] (localization example).
| MSE | 25.12]3.96 | 135 1.08 [ 072 0.61 | 0.70 |

N 5 10 50 | 100 | 500 | 1000 | 2000
J 2000 | 1000 | 200 | 100 | 20 10 5
E S=NJ=10%

Range | Min MSE = 0.61 Max MSE = 25.12

TABLE VIII: Results GR-DM-PMC [24] (localization example).

[ MSE [ 0.96 [ 0.89 [ 0.75 [ 0.84 [ 0.85 | 1.47 | 0.81 [ 0.76 | 0.79 [ 0.84 [ 0.80 | 0.81 |

N 5 5 5 10 10 10 50 50 100 | 100 | 500 | 1000
J 50 | 100 | 10 10 5 200 5 10 5 10 5 5
K 40 20 200 | 100 | 200 5 40 20 20 10 4 2
E S =NTM = 10*

Range Min MSE = 0.75 Max MSE = 147

TABLE IX: Results LR-DM-PMC [24] (localization example).

| MSE | 1.14 [ 1.52 [ 0.77 [ 0.77 | 0.79 | 291 [ 1.01 [ 1.24 | 1.26 | 1.44 [ 1.32 ] 1.49 |

N 5 5 5 10 10 10 50 50 | 100 | 100 | 500 | 1000
J 50 | 100 | 10 10 5 200 5 10 5 10 5 5
K 40 20 200 | 100 | 200 5 40 20 20 10 4 2
E S =NTM = 10*

Range Min MSE = 0.77 Max MSE = 291

TABLE X: Results AMIS [21] (localization example).

MSE (6o =1) [ 0.80 [ 0.72 [ 0.75 [ 0.76 | 0.88 1.29
MSE (09 =2) | 1.53 | 1.48 | 1.42 | 1.29 | 1.48 1.71
N 1
J 200 [ 100 | 50 | 20 10 5
K 50 | 100 | 200 | 500 | 1000 2000
E S=TM = 10*
Range Min MSE =072 ——— Max MSE = 1.71

TABLE XI: Results LAIS [23] (localization example).
| MSE | 191 | 152 [1.14 | 111 [ 1.10 [ 1.06 [ 129 [ 125] 126 [ 130 | 141 |

N 1 2 5 5 10 10 100 | 100 | 100 200 103
J 5-10% | 500 | 250 | 500 | 250 | 500 10 25 50 25 5
K 1 9 7 3 3 1 9 3 1 1 1
S 5-102 [ 9-10% [ 8750 | 7500 | 7500 | 5-10% [ 9-10% | 7500 | 5-10% | 5-10° | 5-10°
E S+NT =NT(M+1)=10*

Range Min MSE = 1.06 _ Max MSE = 191
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TABLE XII: Results independent Metropolis-Hastings parallel chains (localization example).

| MSE [ 142] 131 [144[232]273[321]3.18 | 3.15 |
N 1 5 10 | 50 | 100 | 500 | 1000 | 2000
J 10* | 2-10% | 103 | 200 | 100 | 20 10 5
E S=NT =10
MSE range Min MSE = 1.31 Max MSE = 3.21
Evolution of the AMIS estimator Evolution of the PMC estimator
4 4
4 |
3 i
3 ,
2 4
q_r“hl_\ I |
1 . l ST |
0 \’_\ 1 1 1 1 0 L L L 1
0 50 100 150 200 250 300 O 20 40 60 80
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(a)
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()

Fig. 6: Evolution of AMIS (T" = 300, M = 200) and standard PMC (N = 1000, T' = 100)
estimators as functions of the number of iterations, j, in one specific run.

B. Learning hyperparameters for Gaussian process regression models

Gaussian processes (GPs) are a modern machine learning approach to solving regression prob-

lems [56]. Given a covariance kernel function, learning its hyper-parameters is the key to attain

accurate performance. In this section, we test the different AIS schemes for estimating the hyper-

parameters of a Gaussian process (GP) regression model.

Let us assume that we have a set of observed data pairs, {y;, Zi}£1 with y; € R and z; € RL,

and let us denote the corresponding P X 1 output vector as 'y = [y, ..

matrix as Z = [zq,...

.,yp|" and the L x P input

,z1]. We address the problem of inferring the unknown function f that

links the variables y and z. Namely, the assumed model is y = f(z) + e, where e ~ N(e; 0, 0?)

and f(z) is a realization of a GP, f(z) ~ GP(u(z), k(z,r)) with z,r € R”, u(z) = 0, and the

100
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kernel function has the form
L
k(z,r) = exp <— Z W) . 3D
=1
(We point out that f(-) in this section has nothing to do with the test function used earlier
in the paper.) Given these assumptions, the vector f = [f(z1),..., f(zp)]" is distributed as
p(f|Z,a, k) = N(f;0,K), where 0 is a P x 1 null vector, and [K];; := k(z;,2;) for all 4,j =
1,..., P, is a P x P matrix. Therefore, d, = 2 and the vector containing the hyper-parameters of
the model is x = [1 = a, 29 = 0] € R2, where « is the hyper-parameter of the kernel function
in Eq. (31), and o is the standard deviation of the observation noise. In this experiment, we focus
on the marginal posterior density of the hyperparameters [56], 7(x|y, Z, k) x p(y|x, Z, k)p(x),
which can be evaluated analytically, but we cannot compute integrals involving it. Considering a

uniform prior p(x) over [0.01,20]2, and since p(y|x,Z, k) = N (y;0,K + oI), we have

1 1
log [7(x|y, Z, k)] = — §yT(K + 021)71y 3 log [det (K + 021)] , (32)

where K depends on « [56]. Since the moments of this marginal posterior cannot be computed
analytically, we use again MC integration with different AIS methods to approximate the MMSE

estimator, X = [@, 7], which corresponds to the expected value of X w.r.t. 7(x|y, Z, k).

P
j=1-

For this experiment, we generated P = 200 pairs of data, {y;,z;} according to the previous
GP model with « = 3, 0 = 10, L = 1 and z; ~ U([0,10]). Fixing the generated data, we
then computed the true value of the MMSE, X = [&, 0] ~ [3.5200,9.2811], using an exhaustive
and costly grid search approximation, in order to compare the different AIS techniques. The
corresponding posterior pdf is given in Fig. 7(a).

We compared the standard PMC method [19], the LR-DM-PMC technique [24], the AMIS [21]

and the LAIS [23] algorithms. Again, for all of them we considered Gaussian proposal densities,

Qnj (X|ponj» Cnj) = N (xX|tn j, Cpn ;) With pn 1 ~U([1,4]?) for n =1,..., N. Note that, unlike
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in the previous experiment, the true value of x does not belong to the initialization region [1, 4]
For PMC, LR-DM-PMC, and LAIS we set C,,; = C,, = C = 21 with ¢ = 2. For AMIS, we

had N=1and C,; = C; = O']2~I and we set o1 = 2. In the adaptation layer of LAIS, in order

N

to obtain {j, ;}_; from the previous population {s, j—1}Y_;, we employed parallel MH chains

with a Gaussian random-walk proposal pdf, ¢, (tn,j|penj—1,0°L) = N (tn j|pn,j—1,0°I) with

o = 2. Once more, we fixed the total number of evaluations of the posterior pdf to F = 10* and
we tested the algorithms considering different combinations of the parameters.

The results, in terms of MSE in the estimation of x, are given in Tables XIII, XIV, XV and
XVI. They were averaged over 500 independent runs. In this numerical experiment, LAIS and
LR-DM-PMC provided smaller MSEs. The reason is that they discover and explore faster the tail
of the posterior distribution with respect to the other techniques. The adaptation of the location

parameters produced in one specific run by LAIS (/N =5 and T' = 100) is shown in Fig. 7(b).

TABLE XIII: Results standard PMC [19] (GP example).
| MSE | 0.44 | 087 [ 1.01 [ 0.88 ] 0.86 | 095 [ 1.15 |

N 5 50 | 100 | 200 | 500 | 1000 | 2000
T 2000 | 200 | 100 | 50 20 10 5
E S=NT = 10*

Range | Min MSE = 0.44 Max MSE = 1.15

TABLE XIV: Results LR-DM-PMC [24] (GP example).

| MSE [ 0.41]0.39]0.16 [ 0.09 | 0.04 | 0.23 [ 0.07 | 0.46 |

N 5 5 5 50 50 | 100 | 100 | 1000
T 10 20 40 10 20 10 20 5
M 200 | 100 | 50 20 10 10 5 2
E S=NTM = 10?

Range Min MSE = 0.04 —— Max MSE = 0.46

VII. CONCLUDING REMARKS AND OUTLOOK

In signal processing, an important task is making inference from data about model parameters

or models in general. From a Bayesian point of view, ideally this inference is made from posterior
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TABLE XV: Results AMIS [21] (GP example).

| MSE | 1.32 [ 1.35 [ 1.26 [ 1.27 | 1.23 \
N 1
T [200 100 | 50 | 20 10
M | 50 | 100 | 200 | 500 1000
E S=TM = 10*
Range | Min MSE =123 —— Max MSE = 1.35

TABLE XVI: Results LAIS [23] (GP example).

| MSE [ 1.04 | 046 | 021[0.090.03 031 065 |
N 1 5 [ 10 [ 50 [ 100 | 500 1000
T | 5000 | 1000 | 500 | 100 | 50 | 10 5
M 1
E NT(M +1) = 10%
Range | Min MSE = 0.03 Max MSE = 1.04

2 4 6 8 10 12 5 10 15 20
(a) (b)

Fig. 7: (a) Posterior density 7(x|y,Z, ). (b) Evolution of the location parameters f,; in one
specific run of LAIS with N = 5 and 7" = 100 (jointly with the contour plot of the posterior pdf).
The starting points are shown with x-marks whereas the final locations are depicted with circles.

distributions of the unknowns. For complex models, it is very difficult to find these posteriors. In
such cases, one resorts to approximations in the sense that one generates samples that are drawn
from the posterior distributions. A tool that helps practitioners to get such samples is MCMC
sampling. As already pointed out, the MCMC algorithms and the growth of computing power

have invigorated the Bayesian methodology in the last two and a half decades to the point that
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today we use them to solve most intricate problems.

In this article, we have argued that practitioners of signal processing should be aware of another
option for solving inference problems by way of drawing samples from distributions. It is based on
a methodology known as AIS. AIS methods have the subtle ability to learn the pdfs that produce
better samples for constructing posteriors and that eventually allow for a more accurate inference.
The learning is accomplished in iterations where the samples from previous iterations serve to
find better proposal pdfs.

AIS is often simpler to implement than MCMC sampling. Besides simplicity, AIS has other
advantages over MCMC sampling, including that it does not produce correlated samples, that
there is no such thing as burn-in period, and that AIS is easier for parallelization. We also have
better understanding of the rates of convergence of AIS methods than those of MCMC sampling.
A pitfall of importance sampling methods is the possibility of using proposal pdfs with thinner
tails than those of the target distribution which can easily ruin any estimate from the generated
data and the computed weights.

In this article, we have surveyed the state-of-the-art of AIS methods and the advances in the
area in recent years. Next we provide some direction of future work.

The most important open problem of AIS, as we have already alluded, is the development
of AIS methods that can work accurately in high dimensional spaces. As the dimension of x
increases, the complexity of finding good proposal pdfs explodes (curse-of-dimensionality). One
approach for resolving this problem is to work with compartmentalized spaces of the unknowns
and accept that we will not have approximations of the full joint posterior but instead, a number
of marginalized posteriors.

Another way of addressing high-dimensionality is by particle flows. This approach has been of
interest in particle filtering, where samples drawn from the prior distribution are migrated to the

posterior distribution of the unknowns by solving partial differential equations [57]. Even though
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the problems we solve with AIS are different from those addressed by particle filtering, there is
enough common ground between the two methodologies to investigate the application of particle
flows to AIS. How can the underlying principles of particle flows be exploited in AIS?

In recent years, stochastic optimization methods have seen a resurgence. One reason for this is
that there are many problems that can be formulated as optimization problems where the minimized
objective function is a sum of many loss functions. Importance sampling is one of a number of
Monte Carlo sampling-based methods for stochastic optimization. It can improve the convergence
rate of the optimization and reduce the stochastic variance of the result [58]. The use of AIS for
optimization raises various challenging questions, including convergence to optimal solutions and
optimal values.

A specific application of stochastic optimization is in stochastic variational Bayesian methods.
These methods can be applied to complex probabilistic models and large data sets with a vast
range of applications in machine learning. Recently, a synthesis between variational inference and
MCMC sampling for variational approximation has been proposed [59]. It was claimed that a
fast posterior approximation through the maximization of an explicit objective was accomplished.
Furthermore, the proposed method offered trade offs between computation and accuracy. Clearly,
AIS is a natural candidate to be applied in the same setting with the possibility of performing
even better than MCMC sampling.

Finally, in the years to come, we expect that AIS methods will find increased use within the
signal processing community. Much of the research in this area will be driven by novel applications
and by models with expanded complexity. There will be new applications that may even include use
of AIS in deep learning for computing the weights of the hidden layers. The addressed problems
will not only require estimating unknown quantities, but also finding the best models from a set of
predefined models or finding the best model in nonparametric Bayesian settings where the number

of models is not set a priori.
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